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We use QCD light-cone sum rules with holographic anti–de Sitter/chromodynamics distribution

amplitudes for the � meson to predict the form factors that govern the leading amplitudes of the rare

radiative B ! �� decay and the semileptonic decay B ! �l�. We test the Isgur-Wise relation between

the radiative and semileptonic form factors. We also compute the total width (in units of jVubj2) for the
semileptonic decay B ! �l� as well as ratios of partial decay widths which are independent of jVubj.
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I. INTRODUCTION

In a previous paper [1], we derived four holographic
anti–de Sitter/chromodynamics (AdS/QCD) distribution
amplitudes (DAs) for the � meson: two twist-2 DAs, one
for each polarization of the �, and two twist-3 DAs, vector
and axial vector, for the transversely polarized �. We used
two of them, namely the transverse twist-2 DA in order to
compute the next-to-leading order �s contribution in the
leading power B ! �� amplitude and the vector twist-3
DA to compute power-suppressed annihilation contribu-
tions. The four DAs are all derived from a single AdS/QCD
light-front wave function for the � meson which was
shown to generate successful predictions for diffractive �
electroproduction [2].

Our goal in this paper is to use both the longitudinal and
transverse twist-2 AdS/QCD DAs in QCD light-cone sum
rules (LCSR) [3–6] in order to compute one form factor for
the radiative decay B ! �� as well as three form factors
for the semileptonic decay B ! �l�. The first decay mode
is important for precision tests of the standard model and
to constrain new physics. The latter decay is useful for
extracting the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix element jVubj.

Having computed the form factors for the semileptonic
decay, we are then able to predict the total decay width, �, in
units of the CKM matrix element jVubj. We shall also
compute observables which are independent of jVubj.
First, we predict the ratios of the partial decay widths in
different bins of the momentum transfer q2. These partial
decay widths have recently been measured by the BABAR

collaboration [7] for three different bins: q2 2 ½0; 8� GeV2,
q2 2 ½8; 16� GeV2, and q2 2 ½16; 20:3� GeV2. Second, we
shall predict the ratio �L=�T , where �Lð�TÞ is the partial
decay rate to a final state where the � is longitudinally
(transversely) polarized. A future measurement of this quan-
tity would serve as a test for our prediction.

II. ADS/QCD DISTRIBUTION AMPLITUDES

The AdS/QCD DAs are so called because they are
related to the light-front wave function of the � meson
and the latter wave function can be obtained by solving
the holographic light-front Schroedinger equation [8,9] for
mesons. In Ref. [1], we have shown that the twist-2 AdS/
QCD DAs are given by

�k
�ðz;�Þ¼ Nc

�f�m�

Z
dr�J1ð�rÞ½m2

�zð1�zÞþm2
f�r2

r�

��Lðr;zÞ
zð1�zÞ (1)

and

�?
� ðz;�Þ ¼ Ncmf

�f?�

Z
dr�J1ð�rÞ�Tðr; zÞ

zð1� zÞ ; (2)

where ��¼L;Tðr; zÞ is the AdS/QCD light-front wave func-

tion of the � meson given by [10]

��ðr; zÞ ¼ N �
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with 
 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð1� zÞp

r being the light-front variable [11]
that maps onto the fifth dimension of AdS space [8]. The
AdS/QCDwave function given by Eq. (3) is obtained using
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a quadratic [12,13] dilaton in AdS in order to simulate
confinement in physical spacetime. In that case, the pa-

rameter 	 ¼ m�=
ffiffiffi
2

p
, wherem� is the mass of the �meson.

As discussed in Ref. [2], the normalization N � of the
AdS/QCD wave function is fixed according to the polar-
ization of the meson. The single free parameter in the AdS/
QCD DAs is therefore the light quark massmf. In Ref. [2],

mf was chosen as 0.14 GeV because the AdS/QCD wave

function was used in conjunction with a dipole model [14]
whose parameters were fitted to the HERA data on F2 with
mf ¼ 0:14 GeV. This value for mf was also used in pre-

vious dipole model computations [15–18] and also recently
in Ref. [1]. In this paper, we shall also explore the possi-
bility of using a constituent quark mass mf ¼ 0:35 GeV

and a current quark mass mf ¼ 0:05 GeV. Finally, note

that both DAs are normalized, i.e.,

Z 1

0
dz�?;k

� ðz; �Þ ¼ 1 (4)

and that the decay constants are given by [1,19]

f� ¼ Nc

m��

Z 1

0
dz½zð1� zÞm2

� þm2
f �r2

r��Lðr; zÞ
zð1� zÞ

��������r¼0

(5)

and

f?� ð�Þ ¼ mfNc

�

Z 1

0
dz

Z
dr�J1ð�rÞ�Tðr; zÞ

zð1� zÞ : (6)

In Table I, we compare the AdS/QCD predictions for the
decay constants with those obtained using QCD sum rules
and lattice QCD. Note that we achieve better agreement
with sum rules and the lattice when we use the constituent
quark mass. However, a more favorable agreement with
the datum on the experimentally measured f� is achieved

with the lower quark masses. We should also recall that
our AdS/QCD predictions for the scale-dependent decay
constant f?� hardly evolve with � for � � 1 GeV, i.e. our

predictions hold at a low scale� of order 1 GeV [1]. This is
also the case for our AdS/QCD DAs [1,2].

The twist-2 AdS/QCD DAs are shown in Fig. 1. As can
be seen, both DAs widen as the quark masses decrease,

with a remarkable end-point enhancement in the transverse
case.

III. FORM FACTORS

The matrix element for the radiative B ! �� decay is
parametrized in terms of a single transition form factor,
F1ðq2Þ:

h�; �j �d���q
�bjBi ¼ i�����e

��
� p�

Bp
�
�2F1ðq2Þ; (7)

where e� andp� are the polarizationvector and 4-momentum

of the�meson, respectively. The 4-momentum transfer to the

TABLE I. AdS/QCD predictions for the decay constants of the � meson compared to sum
rules, lattice predictions, and experiment. The three AdS/QCD predictions are given for
mf ¼ 0:05, 0.14, and 0.35 GeV, respectively.

Reference Approach Scale � f� [MeV] f?� ð�Þ [MeV] f?� ð�Þ=f�
[20] Experiment 220� 2
This paper AdS/QCD �1 GeV 214, 214, 202 36, 95, 152 0.17, 0.45, 0.75

[21] Sum rules 2 GeV 206� 7 145� 8 0:70� 0:04
[22] Lattice 2 GeV 0:72� 0:02
[23] Lattice 2 GeV 0:742� 0:014
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FIG. 1 (color online). (a) The longitudinal twist-2 DA. (b) The
transverse twist-2 DA. The twist-2 AdS/QCD DAs for three
different quark masses: mf ¼ 0:05 GeV (dotted blue), mf ¼
0:14 GeV (solid black), and mf ¼ 0:35 GeV (dashed red).
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photon is q ¼ ðpB � p�Þ, where pB is the 4-momentum of

the B meson.
On the other hand, the matrix element for the semi-

leptonic decay is parametrized in terms of four form
factors, namely A1;2;3ðq2Þ and Vðq2Þ, i.e.,
h�; �j �u��ð1� �5ÞbjBi

¼ �iðmB þm�ÞA1ðq2Þ���
� þ iA2ðq2Þ

mB þm�

� ð��� � pBÞðpB þ p�Þ� þ iA3ðq2Þ
mB þm�

ð��� � pBÞq�

þ 2Vðq2Þ
mB þm�

�����
��
� p

Bp
�
�; (8)

where mB is the mass of the B meson and q is now the
4-momentum transfer to the lepton pair. The form factor A3

does not contribute to the decay rate in the limit of vanish-
ing lepton masses and we shall neglect it here.

Note that for the radiative decay B ! ��, q2 ¼ 0 in
Eq. (7), but we shall be more general here and consider
also nonzero q2 which is relevant, for example, to the
decay B ! �lþl�. At the same time, this will allow us to
test the Isgur-Wise (IW) relation [24] as applied to the �
meson [3]:

FIW
1 ðq2Þ¼

�
q2þm2

B�m2
�

2mB

��
Vðq2Þ

mBþm�

�
þ
�
mBþm�

2mB

�
A1ðq2Þ:

(9)

This relation, inspired by heavy quark symmetry and origi-
nally derived for B ! K� form factors, is expected to
become more accurate as q2 increases to its maximum
value ðmB �m�Þ2 ¼ 20:3 GeV2 [3].

The above form factors can be computed using LCSR
[3–6], lattice QCD [25–28], or quark models [29–34]. In
this paper, we shall use the LCSR in which the form factors
are expressed in terms of DAs of the � meson. The radia-
tive form factor is given by [3]

F1ðq2Þ¼
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while the semileptonic form factors are given by [3,4]
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To leading twist-2 accuracy, the DAs gv? and ga? are given in terms of the twist-2 DA �k [4]:

gv?ðu;�Þ ¼ 1
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Therefore the form factors depend on the twist-2 DAs of
the � meson as well as its decay constants f?� and f� and

also on parameters which characterize the B meson chan-
nel, namely the Borel parameterMB, the continuum thresh-
old sB0 , the quark massmb, and the Bmeson decay constant

fB. Here we use the following set of parameter values:
M2

B ¼ 6 GeV2, sB0 ¼ 34 GeV, and mb ¼ 4:8 GeV. We

compute fB using the sum rule given in Ref. [3] in order
to reduce the sensitivity of the form factors to the b-quark
mass [4]. Note that the LCSR are more reliable at low and
intermediate values of the momentum transfer q2. On the
other hand, lattice predictions are available at high q2 and
are thus complementary to LCSR predictions. Here, we
shall extrapolate our predictions to the maximum value of
q2, i.e. q2 ¼ 20:3 GeV2, in order to be able to compare to
lattice predictions.

Our predictions for the semileptonic and radiative form
factors at q2 ¼ 0 are shown in Tables II and III, respec-
tively. As can be seen, a larger quark mass (mf ¼
0:14 GeV or mf ¼ 0:35 GeV) yields better agreement

with the predictions of LCSR with sum rule DAs [4] and
those of most quark models [31–33]. In Figs. 2 and 3, we
show the semileptonic and radiative form factors as a
function of q2 for our three different quark masses. We
extrapolate our predictions beyond the region of reliability
of the LCSR in order to be able to compare to lattice
predictions. We can see that the heavier quark masses are
preferred in order for our predictions to match the lattice
data.

In Fig. 4, we show the ratio of the radiative form factor
computed using Eq. (10) to that computed using the Isgur-
Wise relation, Eq. (9), as a function of q2. Again, we show
predictions for our three different quark masses. We ob-
serve that the Isgur-Wise relation is best satisfied for the
larger quark mass,mf ¼ 0:35 GeV, i.e. the ratio computed

using this quark mass reaches values closer to unity at
large q2.

TABLE III. Our predictions, corresponding to mf ¼ 0:05,
0.14, 0.35 GeV, for the radiative form factor compared to the
sum rule predictions of Refs. [3,5,35].

Form

factor AdS/QCD ABS BB AOS

F1ð0Þ 0.18, 0.26, 0.25 0:24� 0:04 0:29� 0:04 0:30� 0:10

TABLE II. Our predictions, corresponding tomf ¼ 0:05, 0.14, 0.35 GeV, for the semileptonic form factors compared to the sum rule
predictions of Ref. [4] and the quark model predictions of Refs. [31–34].

Form factor AdS/QCD BB FGM WSB Jaus Melikhov

A1ð0Þ 0.17, 0.25, 0.25 0:27� 0:05 0:26� 0:03 0.28 0.26 0.17–0.18

A2ð0Þ 0.15, 0.26, 0.27 0:28� 0:05 0:31� 0:03 0.28 0.24 0.155

Vð0Þ 0.23, 0.33, 0.32 0:35� 0:07 0:29� 0:03 0.33 0.35 0.215
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FIG. 2 (color online). The semileptonic form factors (a) A1,
(b) A2, and (c) V, as functions of q2 for three different quark
masses, mf ¼ 0:05, 0.14, and 0.35 GeV. We extrapolate our

predictions to high q2 in order to compare to the lattice data
from the UKQCD collaboration [25,26,28].
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IV. SEMILEPTONIC DECAY RATES

In this section, we compute the semileptonic decay rates.
Based on our observations in the previous sections, we
shall exclude those predictions corresponding to the
current quark mass, mf ¼ 0:05 GeV. The transverse and

longitudinal helicity amplitudes for the decay B ! �l�
are given by [4]

H�ðq2Þ ¼ ðmB þm�ÞA1ðq2Þ 	
ffiffiffiffiffiffiffiffiffiffiffiffi
�ðq2Þp

mB þm�

Vðq2Þ (17)

and

H0ðq2Þ ¼ 1

2m�

ffiffiffiffiffi
q2

p
�
ðm2

B �m2
� � tÞðmB þm�ÞA1ðq2Þ

� �ðq2Þ
mB þm�

A2ðq2Þ
�
; (18)

respectively, where

�ðq2Þ ¼ ðm2
B þm2

� � q2Þ2 � 4m2
Bm

2
�: (19)

The total differential decay width is then given by

d�

dq2
¼ G2

FjVubj2
192�3m3

B

ffiffiffiffiffiffiffiffiffiffiffiffi
�ðq2Þ

q
q2ðH2

0ðq2Þ þH2þðq2Þ þH2�ðq2ÞÞ:
(20)

In Fig. 5, we show the decay spectrum in q2 for the two
quark masses mf ¼ 0:14 and 0.35 GeV. As expected, our

predictions are consistent with the lattice data at large q2.
By integrating over q2, we obtain the total decay width

which can be written as

� ¼ �L þ �T; (21)

where

�L ¼ G2
FjVubj2

192�3m3
B

Z
dq2

ffiffiffiffiffiffiffiffiffiffiffiffi
�ðq2Þ

q
q2ðH2

0ðq2ÞÞ (22)

is the decay width for longitudinally polarized � mesons
and

�T ¼ G2
FjVubj2

192�3m3
B

Z
dq2

ffiffiffiffiffiffiffiffiffiffiffiffi
�ðq2Þ

q
q2ðH2þðq2Þ þH2�ðq2ÞÞ

(23)

is the decay width for transversely polarized �mesons. Our
predictions for the total decay width in units of jVubj2 are
compared to the LCSR calculation with sum rule DAs of
Ref. [4] and with quark model [29,31–34] predictions in
Table IV. In Table V, we show predictions for the
jVubj-independent ratio �L=�T .
Recently, the BABAR collaboration has measured partial

decay widths in three different q2 bins [7]:
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��low ¼
Z 8

0

d�

dq2
dq2 ¼ ð0:564� 0:166Þ � 10�4 (24)

for the low q2 bin,

��mid ¼
Z 16

8

d�

dq2
dq2 ¼ ð0:912� 0:147Þ � 10�4 (25)

for the intermediate q2 bin, and

��high ¼
Z 20:3

16

d�

dq2
dq2 ¼ ð0:268� 0:062Þ � 10�4 (26)

for the high q2 bin. From these measurements, we can thus
deduce the jVubj-independent ratios of partial decay
widths,

Rlow ¼ �low

�mid

¼ 0:618� 0:207 (27)

and

Rhigh ¼
�high

�mid

¼ 0:294� 0:083; (28)

which we compare to our predictions: Rlow ¼ 0:580, 0.424,
Rhigh ¼ 0:427, 0.503 for mf ¼ 0:14, 0.35 GeV, respec-

tively. Our predictions for Rlow are therefore in agreement
with the BABARmeasurement. This is not the case for Rhigh

where our predictions are above the BABAR measurement.
This is perhaps not unexpected given that the LCSR
predictions are less reliable in the high q2 bin.

V. CONCLUSIONS

We have predicted the radiative and semileptonic B ! �
form factors using light-cone sum rules with holographic
AdS/QCD DAs and we have tested the Isgur-Wise relation
between the various form factors. We treated the light
quark mass in the AdS/QCD DAs as a free parameter
and found that a quark mass between 0.14 and 0.35 GeV
is preferred. We also computed jVubj-independent observ-
ables for the semileptonic decay B ! �l�. Our predictions
for the ratio of the partial decay width in the low q2 bin to
that in the intermediate q2 bin are in agreement with the
BABAR data. Our future goal is to compute the B ! K�
form factors using the holographic AdS/QCD DAs for K�
recently derived in Ref. [36].
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68, 054501 (2003).

[24] N. Isgur and M.B. Wise, Phys. Rev. D 42, 2388
(1990).

[25] D. R. Burford, H.D. Duong, J.M. Flynn, B. J. Gough,
N.M. Hazel, J. Nieves, and H. P. Shanahan (UKQCD
Collaboration), Nucl. Phys. 447, 425 (1995).

[26] J.M. Flynn, arXiv:hep-lat/9611016.
[27] L. Lellouch, Nucl. Phys. B, Proc. Suppl. 54, 266 (1997).
[28] L. Del Debbio, J.M. Flynn, L. Lellouch, and J. Nieves

(UKQCD Collaboration), Phys. Lett. B 416, 392 (1998).
[29] D. Scora and N. Isgur, Phys. Rev. D 52, 2783 (1995).
[30] N. Isgur, D. Scora, B. Grinstein, and M.B. Wise, Phys.

Rev. D 39, 799 (1989).
[31] M. Wirbel, B. Stech, and M. Bauer, Z. Phys. C 29, 637

(1985).
[32] R. Faustov, V. Galkin, and A.Y. Mishurov, Phys. Rev. D

53, 6302 (1996).
[33] W. Jaus, Phys. Rev. D 41, 3394 (1990).
[34] D. Melikhov, Phys. Lett. B 394, 385 (1997).
[35] T. Aliev, A. Ozpineci, and M. Savci, Phys. Rev. D 56,

4260 (1997).
[36] M. Ahmady and R. Sandapen, Phys. Rev. D 88, 014042

(2013).

PREDICTING THE B ! � FORM FACTORS . . . PHYSICAL REVIEW D 88, 074031 (2013)

074031-7

http://arXiv.org/abs/1302.5399
http://dx.doi.org/10.1016/j.physletb.2007.07.076
http://dx.doi.org/10.1007/JHEP10(2011)093
http://dx.doi.org/10.1007/JHEP10(2011)093
http://dx.doi.org/10.1007/JHEP11(2010)037
http://dx.doi.org/10.1007/JHEP11(2010)037
http://dx.doi.org/10.1088/1126-6708/2006/11/025
http://dx.doi.org/10.1088/1126-6708/2006/11/025
http://dx.doi.org/10.1088/1126-6708/2004/12/052
http://dx.doi.org/10.1088/1126-6708/2004/12/052
http://dx.doi.org/10.1103/PhysRevD.69.094013
http://dx.doi.org/10.1103/PhysRevD.69.094013
http://dx.doi.org/10.1103/PhysRevD.86.010001
http://dx.doi.org/10.1103/PhysRevD.86.010001
http://dx.doi.org/10.1103/PhysRevD.75.054004
http://dx.doi.org/10.1103/PhysRevD.75.054004
http://dx.doi.org/10.1088/1126-6708/2003/05/007
http://dx.doi.org/10.1088/1126-6708/2003/05/007
http://dx.doi.org/10.1103/PhysRevD.68.054501
http://dx.doi.org/10.1103/PhysRevD.68.054501
http://dx.doi.org/10.1103/PhysRevD.42.2388
http://dx.doi.org/10.1103/PhysRevD.42.2388
http://dx.doi.org/10.1016/0550-3213(95)00223-F
http://arXiv.org/abs/hep-lat/9611016
http://dx.doi.org/10.1016/S0920-5632(97)00053-4
http://dx.doi.org/10.1016/S0370-2693(97)01350-6
http://dx.doi.org/10.1103/PhysRevD.52.2783
http://dx.doi.org/10.1103/PhysRevD.39.799
http://dx.doi.org/10.1103/PhysRevD.39.799
http://dx.doi.org/10.1007/BF01560299
http://dx.doi.org/10.1007/BF01560299
http://dx.doi.org/10.1103/PhysRevD.53.6302
http://dx.doi.org/10.1103/PhysRevD.53.6302
http://dx.doi.org/10.1103/PhysRevD.41.3394
http://dx.doi.org/10.1016/S0370-2693(97)00048-8
http://dx.doi.org/10.1103/PhysRevD.56.4260
http://dx.doi.org/10.1103/PhysRevD.56.4260
http://dx.doi.org/10.1103/PhysRevD.88.014042
http://dx.doi.org/10.1103/PhysRevD.88.014042

